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' Abstract. The aim of this paper is to study integer rounding properties 

. of various systems of linear inequalities to gain insight about the algebraic 

properties of Rees algebras of monomial ideals and monomial subrings. We 
^ ^ study the normality and Gorenstein property — as well as the canonical module 

D . and the a-invariant — of Rees algebras and subrings arising from systems with 

' the integer rounding property. We relate the algebraic properties of Rees 

algebras and monomial subrings with integer rounding properties and present 
a duality theorem. 
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1. Introduction 



Let R = K[xi, . . . , Xn] be a polynomial ring over a field K and let vi, . . . ,Vq be 
the column vectors of a matrix A = (aij) whose entries are non-negative integers. 
We shall always assume that the rows and columns of A are different from zero. 
As usual we use the notation x'^ := j;^^ • • • x^", where a = (ai, . . . , o^) G N". 

• The monomial algebras considered here are: (a) the Rees algebra 

R[it] ■= RQite---® pf e • • • c R[t], 

^ , where / = {x'"'^ , . . . , x'"'') C R and f is a new variable, (b) the extended Rees 

CN ' algebra 

R[It,t-^] := R[It][t-^] C R[t,t-^], 
■ (c) the monomial subring 

= i^[x^i,...,x^«] CR 

^ I spanned hy F = {x""^, . . . ,x^''}, (d) the homogeneous monomial subring 

; K[Ft] = K[x''H, x^'H] C R[t] 

spanned by Ft, (e) the homogeneous monomial subring 

K[Ft U {t}] = K[x'"H, x^H, t] C R[t] 

spanned by -Ft U {t}, (f) the homogeneous monomial subring 

S = K[x'"H,...,x'"n] Ci?[t], 

where wi, . . . ,Wr is the set of all vectors a € N" such that < a < f j for some 
i, and (g) the Ehrhart ring 

A{P) = K[{x^f\ a G Z" n iP; i G N}] C R[t] 
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of a lattice poly tope P. 

The aim of this work is to study max-flow min-cut properties of clutters and 
integer rounding properties of various systems of linear inequalities — and their 
underlying polyhedra — to gain insight about the algebraic properties of these 
algebras and viceversa. Systems with integer rounding properties and clutters 
with the max-flow min-cut property come from linear optimization problems 
\23\ I24j . The precise definitions will be given in Section [2l 

Before stating our main results, we recall a few basic facts about the normality 
of monomial subrings. According to [31] the integral closure of K[F] in its field 
of fractions can be expressed as 

(1.1) K[F] = K[{x''\ aeZAn R+A}], 

where A = {vi, . . . ,Vq}, ZA is the subgroup of Z" spanned by A, and W^A is 
the cone generated by A. The subring K[F] equals K[N^], the semigroup ring 
of N^. Recall that K[F] is called integrally closed or normal if K[F] = K[F]. 
Thus K[F] is normal if and only if 

nA = ZAn R+A, 

where is the subsemigroup of N" generated by A. The description of the 
integral closure given in Eq. (jl.ip can of course be applied to any of the monomial 
algebras considered here. In particular if A' is the set 

A' = {ei, . . . , e„, (wi, 1), . . . , {vq, 1)}, 

where Cj is the ith unit vector, then ZA' = Z""*"^ and R[It] is normal if and only 
if NA' = Z"'"'"^ n M+>1'. A dual characterization of the normality of R[It] will be 
given in Proposition 12.91 

Recall that the Ehrhart ring A{P) is always normal [2]. A set A C Z" is called 
a Hilbert basis if NA = R+A n Z". Note that if ^ is a Hilbert basis, then the 
ring K[F] is normal. 

The contents of this paper are as follows. First we use the theory of blocking 
and antiblocking polyhedra [U [l2l [131 [23] to describe when the systems 

x>0;xA<l, X > 0; > 1, xA < 1, 

have the integer rounding property (see Definitions 12.21 12.61 12.23P in terms of the 
normality of the monomial algebras considered here. As usual, we denote the 
vector (1, . . . , 1) by 1. If a = (ai, . . . , a„) and b = (6i, . . . , 6„) are vectors, we 
write a <b \i ai <bi for all i. 

One of the main results of Section [2] is: 

Theorem 12.51 The system x > 0; xA < 1 has the integer rounding property if 
and only if the subring S = K[x'^'^t, . . . , x'^^t] is normal. 

This result was shown in [9] when A is the incidence matrix of a clutter, i.e., 
when the entries of A are in {0, 1}. Recall that a clutter C with finite vertex 
set X = {xi, . . . ,Xn} is a family of subsets of X, called edges, none of which 
is included in another. The incidence matrix of a clutter C is the vertex-edge 
matrix whose columns are the characteristic vectors of the edges of C. The edge 
ideal of a clutter C, denoted by /(C), is the ideal of R generated by all monomials 
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Xe = HxiGe ^« such that e is an edge of C. The Alexander dual of I{C) is the ideal 
of R given by I{CY = neG_E(e), where E = E{C) is the edge set of C. 

The integer rounding property of some systems has already been expressed in 
terms of the normality of monomial algebras [319]. In [8] it is shown that the 
system x > 0; xA > 1 has the integer rounding property if and only if R[It] is 
normal (this was also observed by N. V. Trung if A is the incidence matrix of 
a clutter). Here we complement this fact by presenting a duality between the 
integer rounding property of the systems x > 0; xA > 1 and x > 0; xA* < 1 valid 
for matrices with entries in {0, 1}, where a*j = 1 — aij is the ij-entry of A* . This 
duality is extended to a duality between monomial subrings. 

Altogether another main result of Section [2] is: 

Theorem 12.121 Let A be the incidence matrix of a clutter. If v* = 1 — t^j and A* 
is the matrix with column vectors v^, . . . ,v*, then the following are equivalent: 

(a) R[I*t] is normal, where I* = (x^i , . . . ,x^i). 

(b) S = K[x'"H, x'"^] is normal. 

(c) {— ei, . . . , — e„, {vi,l), . . . , {vg, 1)} is a Hilbert basis. 

(d) X > 0; xA* > 1 has the integer rounding property. 

(e) X > 0; xA < 1 has the integer rounding property. 

Then we present some interesting consequences of this duality. First of all we 
recover one of the main results of [34] showing that if 

p = {x\x >0;xA< 1} 

is an integral polytope, i.e., P has only integer vertices, and A is a {0, l}-matrix, 
then the Rees algebra R[I*t] is normal (see Corollarv l2.14p . This result is related 
to perfect graphs. Indeed if P is integral, then vi,...,Vq correspond to the 
maximal cliques (maximal complete subgraphs) of a perfect graph H [U 121] . 
and vl, . . . ,v* correspond to the minimal vertex covers of the complement of H. 
Second we show that if A is the incidence matrix of the collection of basis of a 
matroid, then all systems 

X > 0; x^ > 1, X > 0; xA* > 1, x > 0; x^ < 1, x > 0; xA* < 1 

have the integer rounding property (see Corollary I2.15p . Third we show that if 
A is the incidence matrix of a graph, then R[It] is normal if and only if R[I*t] is 
normal (see Corollary l2.16p . We give an example to show that this result does not 
extends to arbitrary uniform clutters (see Example I2.17P . If A is the incidence 
matrix of a graph G, we characterize when /* is the Alexander dual of the edge 
ideal of the complement of G (see Proposition 12. 18|) . If G is a triangle- free graph, 
we show a duality between the normality of / = I{G) and that of the Alexander 
dual of the edge ideal of the complement of G (see Corollary I2.19P . We show 
an example of an edge ideal of a graph whose Alexander dual is not normal (see 
Example I2.20p . In [34J it is shown that this is never the case if the graph is 
perfect, i.e., the Alexander dual of the edge ideal of a perfect graph is always 
normal. Finally we recover one of the main results of [17j showing that if A is the 
incidence matrix of a clutter C, then C satisfies the max-flow min-cut property if 
and only if the set covering polyhedron 

Q{A) = {x|x > 0;xA > 1} 
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is integral and R[It] is normal (see Corollary 12. 22p . 
The last main result of Section [2] is: 

Theorem 12.251 // the system xA < 1 has the integer rounding property, then 
K[F] is normal and Z"/Z^ is a torsion-free group. The converse holds if \vi\ = d 
for all i. Here \vi\ = {vi, 1). 

As a consequence of this result we prove: (i) If A is the incidence matrix of a 
connected graph G, then the system xA < 1 has the integer rounding property 
if and only if G is a bipartite graph (see Corollary I2.26p . and (ii) Let A be the 
incidence matrix of a clutter C. If C is uniform, i.e., all its edges have the same 
size, and C has the max- flow min-cut property (see Definition 12.21 p . then the 
system xA < 1 has the integer rounding property (see Corollary 12. 27p . 

If A is the incidence matrix of a bipartite graph, a remarkable result of [9] 
shows that the system x > 0; xA < 1 has the integer rounding property if and 
only if the extended Rees algebra R[It, t~^] is normal. 

Before stating the main results of Sections [3] and HI we need to introduce the 
canonical module and the a-inyariant (see Section [3] for additional details). Below 
we briefly explain the important role that these two objects play in the general 
theory. The subring S is a standard iT-algebra because ((wj, 1), e„+i) = 1 for 
all i. Here ( , ) is the standard inner product and is the ith unit vector. If S 
is normal, then according to a formula of Daniloy and Stanley [6j the canonical 
module of S is the ideal of S given by 

(1.2) LOS = {{x''t^\ (a, 6) G Ni3 n (M+i3)°}), 

where B = {(wi, 1), . . . , {wr, 1)} and (M+jB)° is the relative interior of M+;i3. This 
expression for the canonical module of S is central for our purposes. Recall that 
the a-invariant of S, denoted by a{S), is the degree as a rational function of 
the Hilbert series of S [311 p. 99]. Thus we may compute a-invariants using the 
program Normaliz f3]. Let Hg and (ps be the Hilbert function and the Hilbert 
polynomial of S respectively. The index of regularity of S, denoted by reg(5'), is 
the least positive integer such that Hs{i) = ^s{i) for i > reg(S'). The a-invariant 
plays a fundamental role in algebra and geometry because one has: 

reg(5) = I ° < °' 

I a{S) + 1 otherwise, 

see |31l Corollary 4.1.12]. If S is normal, then S is Cohen-Macaulay [19] and its 
a-invariant is given by 

(1.3) a(S) = -min{i|(a;s), /O}, 

see [a p. 141] and \21t Proposition 4.2.3]. 

In Section [3] we give a general technique to compute the canonical module and 
the a-invariant of a wide class of monomial subrings (see Theorem 13. ip . 

Then in Section S] we study the canonical module and the a-invariant of mono- 
mial subrings arising from integer rounding properties. We give necessary and 
sufficient conditions for S to be Gorenstein and give a formula for the a-invariant 
of S in terms of the vertices of the polytope P = {x\x > 0;xA < 1}. For use 
below let vert(P) be the set of vertices of P and let £i, . . . ,ip be the set of all 
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maximal elements of vert(P) (maximal with respect to <). For each 1 < i < p 
there is a unique positive integer di such that the non-zero entries of [—diti,di) 
are relatively prime. 

The main results of Section [4] are as follows. 

Theorem 14.21 // the system x > 0; xA < 1 has the integer rounding property, 
then the canonical module of S = K[x'^^t, . . . , x'^^t] is given by 

(1.4, ...(I.-*'! ;;; -^a e, ... e,y^_^)^y 

and the a-invariant of S is equal to — maxj{[l/dj + l^il]}- Here \ii \ = 

This result complements a result of [Hj valid only for incidence matrices of 
clutters. If S is normal, the last Betti number in the homogeneous free resolution 
of the toric ideal Ps of S is equal to v^ujs), the minimum number of generators 
of ujs- This number is called the type of Ps- Thus by describing the canonical 
module of 5 we are in fact providing a device to compute the type of Ps- Ac- 
cording to [28] the number of integral vertices of the polyhedron that defines uJs 
(see Eq. ()1.4p l is a lower bound for ^{ujs)- 

Using the description above for tus we then prove: 

Theorem 14.31 Assume that the system x > 0; xA < 1 has the integer rounding 
property. If S is Gorenstein and cq = max{|.^j|: 1 < i < p} is an integer, then 
\^k\ = Co for each 1 < k < p such that has integer entries- 
Theorem 14.41 Assume that the system x > 0; xA < 1 has the integer rounding 
property. If —a{S) = 1/di + for i = 1, . . . ,p, then S is Gorenstein. 

As a consequence of Theorems 14.31 and 14.41 we obtain that if P is an integral 
polytope, i.e., it has only integral vertices, then S is Gorenstein if and only if 
a{S) = + 1) for z = 1, . . . ,p (see Corollary 02]) • 

We also examine the Gorenstein and complete intersection properties of sub- 
rings arising from systems with the integer rounding property of incidence ma- 
trices of graphs. Let G be a connected graph with n vertices and q edges and 
let A be its incidence matrix. Based on a computer analysis, using the program 
Normaliz [3], we conjecture a possible description of all Gorenstein subrings S in 
terms of the vertices of P (see Problem 14. 7p . If the system xA < 1 has the integer 
rounding property, then we show that K[Ft U {t}] is a complete intersection if 
and only if G is bipartite and the number of primitive cycles of G is equal to 
q — n + 1 (see Proposition 14. 9p . 

Let G be a bipartite graph and let A be its incidence matrix. A constructive 
description of all bipartite graphs such that K[G] = K[x^'^ , ■ ■ ■ , x^''] is a complete 
intersection is given in [15]. The Gorenstein property of K[G] has been studied in 
[16l[18]. Thus by Lemma and [H Proposition 3.1.19] the Gorenstein property 
and the complete intersection property of K[x'"'^t, . . . , x'"''t, t] are well understood 
in this particular case. The a-invariant of K[G] has a combinatorial expression 
in terms of directed cuts and can be computed using linear programming |28j . 
Some other expressions for a{K[G]) can be found in [5l [TBI [30] . 
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2. Integer rounding properties 

We continue to use the notation and definitions used in the introduction. In 
this section we introduce and study integer rounding properties, describe some 
of their properties, present a duahty theorem and show several applications. 

Let P be a rational polyhedron in M". Recall that the antiblocking polyhedron 
of P is defined as: 

T{P) := {z\ z>0; {z, x) < 1 for all x G P}. 

Lemma 2.1. Let A be a matrix of order nx q with entries in N, let vi, . . . , Vq he 
the column vectors of A and let {u^i, . . . ,ifr} be the set of all a in N" such that 
Oi <Vi for some i. If P = {x\ x > 0; xA < 1}, then 

T{P) = conv(?x;i, . . . , Wr). 

Proof. First we show the following equality which is interesting in its own right: 

(2.1) conv(t(;i, . . . , Wr) = H (conv(ti;i, . . . , Wr) + M+{— ei, . . . , — 6^}). 

Clearly the left hand side is contained in the right hand side. Conversely let z be 
a vector in the right hand side. Then z > and we can write 

(2.2) z = Xiwi H h XrWr - 5iei (5„e„, (Aj > 0; Y^i = > 0). 

Consider the vector z' = XiWi + • • • + XrWr — SiCi. We set T' = conv(t(;i, . . . , Wr) 
and Wi = {wii, . . . , Win)- We claim that z' is in T'. We may assume that 6i > 0, 
Aj > for all i, and that the first entry wn of Wi is positive for 1 < i < s and is 
equal to zero for i > s. From Eq. (j2.2p we get Ai^n + • • • + As^si > 5i. 

Case (I): Xiwu > 6i. Then we can write 

— !- ) Wi + X2W2 H h XrWr- 

wnj 

Notice that wi — wuCi is again in {wi, . . . ,Wr}- Thus z' is a convex combination 
of wi, . . . , Wr, i.e., z' € r'. 

Case (II): XiWn < 5i. Let m be the largest integer less than or equal to s such 
that Aiu;ii H h Xm-iW(^rn-i)i < Si < Xiwii H h XmWmi- Then 



Wn 



wiiei) + Ai 



m— 1 



Wiiei) + 



Wml 



/ m— 1 



A,m 



ii 



Wml 



{Wr, 



Wmiei) + 



Xr. 



Wml 



+ 



^ m~l 

E 



XiWi 



•ii 



Wml 



W„ 



+ ^ A, 

i=m+l 



Wi 



Notice that Wi — wuCi is again in {wi, . . . , Wr} for i = 1, . . . , m. Thus z' is a 
convex combination of wi, . . . ,Wr, i.e., z' € T'. This completes the proof of the 
claim. Note that we can apply the argument above to any entry of z or z' thus we 
obtain that z' — ^262 G T ■ Thus by induction we obtain that z G T', as required. 
This completes the proof of Eq. (|2.ip . 

Clearly one has the equality P = {z\ z > 0; {z,Wi) < 1 Vi} because for each Wi 
there is vj such that Wi < vj . Hence by the finite basis theorem [23] we can write 

(2.3) P = {z\z>0;{z, Wi) < 1 Vi} = conv(4, £1, ...,£„) 
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for some ii, . . . ,irn in Q+ and Iq = 0. From Eq. (j2.3p we readily get the equality 

(2.4) {z\z>0;{z,ii) <iyi} =T{P). 
Using Eq. (|2.3p and noticing that {ii,Wj) < 1 for all we get 

M'^n(conv(4,...,£^) +M+{-ei,...,-e„}) = {z\ z > 0;{z,Wi) < IVz}. 
Hence using this equality and [23\ Theorem 9.4] we obtain 

(2.5) n {couv{wi, . . . ,Wr) + R+{-ei, . . . , -en}) = {z\ z > 0; {z,£i) < IVi}. 

Therefore by Eq. ^Ji) together with Eqs. and ([23]) we conclude that T{P) 
is equal to conv(?x;i, . . . , Wr), as required. □ 

li vi, . . . ,Vq are {0, l}-vectors, then the equality of Lemma [2.11 follows directly 
from |12l Theorem 8]; see also |13] . 

Definition 2.2. Let A be a matrix with entries in N. The system x > 0; xA < 1 
has the integer rounding property if 

rmin{(y, l)\y>0;Ay> a}] = mm{{y, l)\Ay>a;ye N"?} 

for each integral vector a for which min{(y, 1)| y > 0; Ay > a} is finite. 

If a G M", its support is given by supp(a) = {i[ Oj ^ 0}. Note that a = Oj^ — a^, 
where a+ and a_ are two non negative vectors with disjoint support called the 
positive and negative part of a respectively. 

Remark 2.3. Let ^ be a matrix with entries in N. The system x > 0; xA < 1 
has the integer rounding property if and only if 

[min{(y,l)[y > 0; Ay > a}] = min{(y,l)|^y > a; y £ W} 

for each vector a £ N" for which min{(y, 1)[ y > 0; Ay > a} is finite. This follows 
decomposing an integral vector a as a = a+ — a_ and noticing that for y > we 
have that Ay > a if and only if Ay > a-(_ 

A rational polyhedron Q is said to have the integer decomposition property if 
for each natural number k and for each integer vector a in kQ, a is the sum of k 
integer vectors in Q; see ^24i pp. 66-82]. Recall that kQ is equal to {ka\a € Q}. 

The next criterion will be used to describe the integer rounding property of 
the system x > 0; xA < 1 in terms of the normality of a certain subring. 

Theorem 2.4. ([1], |24[ p. 82]) Let A be a non-negative integer matrix and let 
P = {x\x > 0; xA < 1}. The system xA < l;x > has the integer round- 
ing property if and only if T{P) has the integer decomposition property and all 
maximal integer vectors ofT{P) are columns of A [maximal with respect to <). 

The next result was shown in [9j when A is the incidence matrix of a clutter. 
Its proof is similar to that of [9j, but it requires some adjustments. 

Theorem 2.5. Let A he a matrix with entries in N and let vi,...,Vq be the 
columns of A. If wi, . . . ,Wr is the set of all a £ N" such that a < Vi for some i, 
then the system x > 0; xA < 1 has the integer rounding property if and only if 
the subring K[x'^'^t, . . . ,x^''t] is normal. 
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Proof. Let P = {x\ x > 0; xA < 1} and let T{P) be its antiblocking polyhedron. 
By Lemma |2. II one has 

(2.6) T{P) = conv{'Wi, . . . jWr)- 

Let S be the integral closure of 5 = K[x^^t, . . . , x^^'t] in its field of fractions. 
By the description of S given in Eq. (jl.ip one has 

S = K[{xH^ I (a, b)eZBn R+B}], 

where B = {{wi,l), . . . , {wr,l)}- By Theorem 12.41 it suffices to prove that 5 
is normal if and only if T{P) has the integer decomposition property and all 
maximal integer vectors of T(P) are columns of A (maximal with respect to <). 

Assume that S is normal, i.e., S = S. Let 6 be a natural number and let a be 
an integer vector in hT{P). Then using Eq. (|2.6p it is seen that (a, h) is in R+jB. 
Since S is normal we have M+i3nZ;B = Ni3. In our situation one has Zi3 = Z""*""^. 
Hence (a, 6) G fiB and a is the sum of b integer vectors in T[P). Thus T{P) has 
the integer decomposition property. Assume that a is a maximal integer vector 
of T{P). It is not hard to see that (a, 1) is in i.e., G S = S. Thus (a, 1) 

is a linear combination of vectors in B with coefficients in N. Hence (a, 1) is equal 
to {wj,l) for some j. There exists Vi such that a = Wj < vi. Therefore by the 
maximality of a, we get a = Vi for some i. Thus a is a column of A as required. 

Conversely assume that T(P) has the integer decomposition property and that 
all maximal integer vectors of T{P) are columns of A. Let x°'t^ G S. Then (a, h) is 
in the cone Hence, using Eq. (12. 6p . we get o G bT{P). Thus a = ai+- ■ ■+«{,, 

where ai is an integral vector of T{P) for all i. Since each aj is less than or equal 
to a maximal integer vector of T{P), we get that G {wi, . . . ,Wr}- Then 
xH^ G S. This proves that S = □ 

Let A be a matrix with entries in N. Next we study the integer rounding 
property of the system x > 0; xA > 1. The aim is to establish a duality with 
other systems of linear inequalities. 

Definition 2.6. The system x > 0; xA > 1 has the integer rounding property if 

(2.7) max{(y, 1)| y > 0; Ay < a; y G N''} = Lmax{(y, 1)| y > 0; Ay < a}\ 
for each integral vector a for which the right hand side is finite. 

For any rational polyhedron Q in W^, define its blocking polyhedron B{Q) by: 

B{Q) := {z G M"| z > 0; {z, x) > 1 for all x in Q}. 

For any matrix A with entries in N, its covering polyhedron Q{A) is defined by: 

Q{A) := {x\x >0;xA> 1}. 

If A is the incidence matrix of a clutter C, then the integral vectors of Q{A) 
correspond to vertex covers of C and the integral vertices of Q{A) are in one to 
one correspondence with the minimal vertex covers of C [14^ Corollary 2.3]. 

The blocking polyhedron of Q{A) can be expressed as follows. 
Lemma 2.7. If Q = QiA), then B{Q) =Wl + conv(vi, ...,Vq). 
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Proof. The right hand side is clearly contained in the left hand side. Conversely 
take z in B{Q), then {z,x) > 1 for all x S Q z > 0. Let ii,. . . ,ir be the 
vertex set of Q. In particular {z,ii) > 1 for all i. Then {{z, 1), —1)) > for 
all i. From [17, Theorem 3.2] we get that (z, 1) belongs to the cone generated by 

A' = {ei,... ,e„, (ui, 1), . . . 

Thus z is in + conv(ui, . . . ,Vq). This completes the proof of the asserted 
equality. □ 

The next criterion complements Theorem 12.41 

Theorem 2.8. ([I], [Ml P- 82]) The system x > 0; > 1 has the integer 
rounding property if and only if the blocking polyhedron B{Q) of Q = Q{A) has 
the integer decomposition property and all minimal integer vectors of B{Q) are 
columns of A {minimal with respect to <). 

Recall that a set C is cahed a Hilbert basis if NA = R+A D Z". Note 
that if ^ is a Hilbert basis, then the semigroup ring i^[N^] is normal. 

Proposition 2.9. Let I = (x^^ . . . ,x'"'') be a monomial ideal and let = 1 — Vi. 

Then R[It] is normal if and only if the set 

r = {-ei, . . . , -en, {vl, 1), . . . , (u*, 1)} 

is a Hilbert basis. 

Proof. Let A' = {ei, . . . , e„, (wi, 1), . . . , {vq, 1)}. Assume that R[It] is normal. 
Then A' is a Hilbert basis. Let (a, b) be an integral vector in M+F, with a E 
and 6 G Z. Then we can write 

(a, b) = /ii(-ei) H h fin{-en) + Xi{vl,l) -\ h Ag(w*, 1), 

where > and Xj > for all i,j. Therefore 

-(a, b) +bl = /iiei H h //ne„ + Xi{vi,-l) -\ h Xq{vq, -1), 

where 1 = ei + • ■ ■ + e„ . This equality is equivalent to 

-(a, -b) +bl = fjLiei H h /Une„ + Xi{vi,l) ^ h Xq{vq, 1). 

As A' is a Hilbert basis we can write 

-(a, -b) + bl = fj.[ei H h /U^e„ + A'i(7;i, 1) H h Ag(t;5, 1), 

where /i^ G N and A^- G N for all i,j. Thus (a, 6) G NF. This proves that F is a 
Hilbert basis. The converse can be shown using similar arguments. □ 

A clutter C with finite vertex set X = {xi, . . . , x„} is a family of subsets of X, 
called edges, none of which is included in another. Let fi, ■ ■ ■ , fq be the edges of 
C and let Vk = ^Xi&fk ^« characteristic vector of fk- The incidence matrix 

of C is the n X q matrix with column vectors vi, . . . ,Vq. 

Definition 2.10. Let A = (aij) be a matrix with entries in {0,1}. Its dual is 
the matrix A* = {a*j), where a*j = 1 — Ojj. 

The following duality is valid for incidence matrices of clutters. It will be used 
later to establish a duality theorem for monomial subrings. 
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Theorem 2.11. Let A be the incidence matrix of a clutter and let vi, . . . ,Vq be 
its column vectors. If v* = 1 — Vi and A* is the matrix with column vectors 
vl,. . . ,v*, then the system x > 0;xA > 1 has the integer rounding property if 
and only if the system x > 0; xA* < 1 has the integer rounding property. 

Proof Consider Q = {x\x > 0; xyl > 1} and P* = {x\x > 0;xA* < 1}. Let 
wl, . . . ,Wg be the set of all a € N" such that a < v* for some i. Then, us- 
ing Lemmas 12.71 and 12.11 we obtain that the blocking polyhedron of Q and the 
antiblocking polyhedron of P* are given by 

B{Q) =Rl + couv{vi,...,Vq) and T{P*) = conv{wl, . . . ,w*) 

respectively. 

^) By Theorem 12.41 it suffices to show that T{P*) has the integer decomposi- 
tion property and all maximal integer vectors of T{P*) are columns of A* . Let b 
be an integer and let a be an integer vector in bT{P*). Then we can write 

a = b{\iwl + ■■■ + Xswl), {Ei Xi = 1; Ai > 0). 

For each 1 < i < s there is v* in (v? , . . . ,v*} such that wf < . Thus for each 
i we can write 1 — w* = Vj^ + 6i, where 6i S N". Therefore 

1 - a/b = Xi{vj^ + 5i) -\ h Xs{vj^ + 6s). 

This means that 1 — a/6 € B{Q), i.e., 61 — a is an integer vector in bB{Q). Hence 
by Theorem 12.81 we can write bl — a = ai + ■ ■ ■ + for some ai, . . . , integer 
vectors in B{Q), and for each ai there is v^^ in {vi, . . . ,Vq} such that v^. < a,. 
Thus Oi = Ufc. -|- ei for some € N" and consequently: 

a ={1-Vk^) + ■■■ + {!- Vk,) -c = vl^ + --- + vl^-c, 

where c = (ci, . . . , c„) G N". Notice that vl._^ + ■ ■ ■ + v^.^ > c because a > 0. If 
ci > 1, then the first entry of v^., is non-zero for some i and we can write 

« = <+■■■ + vl^.i + - ei) + vl^^^ +--- + vl^-{c-ei) 

Since w^. — ei is again in {u)^, . . . ,it;*}, we can apply this argument recursively 
to obtain that a is the sum of b integer vectors in {tt;*, . . . , ii;*}. This proves 
that T{P*) has the integer decomposition property. Let a be a maximal integer 
vector of T{P*). Since the vectors wl,...,w* have entries in {0,1}, we get 
T{P*) n Z" = {w*, . . . , w*}. Then a = w* for some i. As w* < Vj for some j, we 
conclude that a = v* , i.e., a is a column of A* , as required. 

According to |8j the system x > 0; xA > 1 has the integer rounding 
property if and only if R[It] is normal. Thus by Proposition 12.91 we need only 
show that the set T = {— ei, . . . , — e„, {v^, 1), . . . , {v*, 1)} is a Hilbert basis. Let 
(a, 6) be an integral vector in M+L, with a € Z" and 6 € Z. Then we can write 

(a, 6) = Aii(-ei) H h ^n(-en) + Xi{vl,l)-\ h Xg{vg, 1), 

where /ij > 0, Xj > for all i,j. Hence A*X > a, where A = (Aj). By hypothesis 
the system x > 0; xA* < 1 has the integer rounding property. Then one has 

6 > rmin{(y, 1)| y > 0; A*y > a}] = min{(y, l)\A*y > a; y G = (yo, 1) 

for some yo = (yi) G N'^ such that \yo\ = {yo, 1) < 6 and a < A*yo. Then 

a = yivl H h yqv* - 6iei (5„en, 
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where 5i, . . . ,5n are in N. Hence we can write 

{a,b) = yi{vl, 1) H hyg-i(u*_i, 1) + (y^ + 6 - \yo\){vl, I) - {b - \yo\)vl - 6, 

where 5 = {5i). As the entries of A* are in N, the vector —v* can be written as a 
non-negative integer combination of — ei, . . . , — e„. Thus (a, b) £ NF. This proves 
that r is a Hilbert basis. □ 

We come to one of the main result of this section. It estabhshes a duahty for 
monomial subrings. 

Theorem 2.12. Let A be the incidence matrix of a clutter, let vi, . . . ,Vq be its 
column vectors and let v* = 1 — vi. If wl, . . . , w* is the set of all a G N" such 
that a < V* for some i, then the following conditions are equivalent: 

(a) R\It\ is normal, where I = {x""^ , . . . ,x^''). 

(b) S* = KIx'^'h, x<t] is normal. 

(c) {— ei, . . . , —en, {v\, 1), . . . , (u*, 1)} is a Hilbert basis. 

(d) X > 0; xA > 1 has the integer rounding property. 

(e) X > 0; xA* < 1 has the integer rounding property. 

Proof, (a) (c): This was shown in Proposition 12.91 (a) ^ (d): This is one of 
the main results of and is valid for arbitrary monomial ideals, (b) 4^ (e): This 
was shown in Theorem 12.51 (d) <J=> (e): This follows from Theorem 12.111 □ 

To illustrate the usefulness of this duality, below we show various results that 
follow from there. 

Definition 2.13. Let C be a clutter on the vertex set X = {xi, . . . The 
edge ideal of C, denoted by /(C), is the ideal of R generated by all monomials 
Xg = HxiGe such that e is an edge of C. The dual I* of an edge ideal / is the 
ideal of R generated by all monomials xi • • • x„/xe such that e is an edge of C. 

Corollary 2.14. ( [34^ Theorem 2.10]) Let C be a clutter and let A be its incidence 
matrix. If P = {x\x > 0;xA < 1} is an integral polytope and I = I{C), then 

(i) R[I*t\ is normal. 

(ii) S = K[x'^^t, . .. , x'^^'t] is normal. 

Proof. Since P has only integral vertices, by a result of Lovasz [21] the system 
X > 0; x^ < 1 is totally dual integral, i.e., the minimum in the LP-duality 
equation 

(2.8) max{(a, x) | x > 0; x^ < 1} = min{(y, l)\y >0;Ay > a} 

has an integral optimum solution y for each integral vector a with finite minimum. 
In particular the system x > 0; xA < 1 satisfies the integer rounding property. 
Therefore R[I*t] and K[x'^'^t, ... , x'^^'t] are normal by Theorem [2.121 □ 

This result is related to the theory of perfect graphs. Indeed if P is integral, 
the w'^s correspond to the cliques (complete subgraphs) of a perfect graph H 
[11[2T], and the v*^s correspond to the minimal vertex covers of the complement 
of H. The normality assertion of part (ii) is well known and it can also be shown 
directly using the fact that the system x > 0; xA < 1 is TDI if P is integral, 
where TDI stands for Totally Dual Integral (see [24J). 
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Corollary 2.15. Let Bi, . . . ,Bq be the collection of basis of a matroid M with 
vertex set X and let vi, . . . ,Vq be their characteristic vectors. If A is the matrix 
with column vectors vi, . . . ,Vq, then all systems 

x>0;x^>l, x>0;xA*>l, x>0;xA<l, x>0;xA*<l 

have the integer rounding property. 

Proof. Consider the basis monomial ideal / = (x^^^, . . . ,x^'') of the matroid M. 
By [22^ Theorem 2.1.1], the collection of basis of the dual matroid M* of M is 
given by X \ Bi, . . . , X \ Bq. Now, the basis monomial ideal of a matroid is 
normal [331 Corollary 3.8], thus the result follows at once from the duality given 
in Theorem Elll □ 

Corollary 2.16. Let G be a connected graph and let I = I{G) be its edge ideal. 
Then R[It] is normal if and only if R[I*t] is normal. 

Proof. By the system x > 0; xA > 1 has the integer rounding property if and 
only if the system x > 0; xA < 1 does. Therefore the result follows at once using 
Theorem [2321 □ 

This result is valid even if the graph is not connected but its proof requires to 
use the fact that R[It] is normal if and only if the extended Rees algebra R[It,t~^] 
is normal and the fact that R[It, t^^] is isomorphic to S = K[x'^^ , ■ ■ ■ , x'^''] when / 
is the edge ideal of a graph (see [9j ) . The next example shows that Corollary 12.161 
does not extends to arbitrary uniform clutters. 

Example 2.17. Consider the clutter C whose incidence matrix A is the transpose 
of the matrix: 

"0011011111" 
0010111111 
0110011111 
1 1 1 1 1 1 1 
0110101111 
111110 110 
111110 10 1 
1111101100 
1111111000 
11110 110 1 

Let / = I{C) be the edge ideal of C. Note that all edges of C have 7 vertices. 
Using Normaliz [3] it is seen that R[It] is normal and that R[I*t] is not normal. 

Let C be a clutter with vertex set X. A vertex x of C is called isolated if x does 
not occur in any edge of C. A subset C C X is a minimal vertex cover of C if: 
(ci) every edge of C contains at least one vertex of C, and (C2) there is no proper 
subset of C with the first property. If C only satisfies condition (ci), then C is 
called a vertex cover of C. The Alexander dual of C, denoted by , is the clutter 
whose edges are the minimal vertex covers of C. The edge ideal of C^, denoted 
by I{C)^ , is called the Alexander dual of /(C). In combinatorial optimization the 
Alexander dual of a clutter is referred to as the blocker of the clutter |24j . 

Proposition 2.18. Let G be a graph without isolated vertices and let G' be its 
complement. Then I{G'Y = I{G)* if and only if G is triangle free. 
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Proof. =^) Let X = {xi, . . . be the vertex set of G. Assume that G has a 
triangle C3 = {xi,X2,X3}, i.e., {xjjXj} are edges of G for 1 < i < j < 3. Clearly 
we may assume n > 4. Notice that G' = {X4, . . . , x^} is a vertex cover of G', i.e., 
X4 • • • x„ belongs to I{G'Y and consequently it belongs to 1(G)* , a contradiction 
because 1(G)* is generated by monomials of degree n — 2. 

Let minimal generator of I(G')^ . Then C = {xi, . . . , x,.} 

is a minimal vertex cover of G' . Hence X \ C is a maximal complete subgraph of 
G. Thus by hypothesis X \ C is an edge of G, i.e., x" G 1(G)* . This proves the 
inclusion I(G')'^ C 1(G)*. Conversely, let x" be a minimal generator of 1(G)*. 
There is an edge {xi, X2} of G such that x" = X3 • • • Xn- Every edge of G' must 
intersect G = {xs, . . . , x„}, i.e., x"' G /(G')^. □ 

This formula applies for instance if G is a bipartite graph. 

Corollary 2.19. Let G be a free triangle graph without isolated vertices. Then 
R[I(G)t] is normal if and only if R[I(G')'^t] is normal. 

Proof. It follows directly from Corollary 12.161 and Proposition 12.181 □ 

In [3l] it is shown that the Alexander dual of the edge ideal of a perfect graph is 
always normal (cf. Corollary 12 . 14( i) ) . To the best of our knowledge the following 
is the first example of an edge ideal of a graph whose Alexander dual is not 
normal. 

Example 2.20. Let G be the graph consisting of two vertex disjoint odd cycles 
of length 5 and let G' be its complement. According to [27] the Rees algebra of 
1(G) is not normal. Thus R[I(G')'^t] is not normal by Corollarv 12.191 

Definition 2.21. A clutter C satisfies the max-flow min-cut (MFMC) property 
if both sides of the LP-duality equation 



have integral optimum solutions x and y for each non-negative integral vector a. 

Corollary 2.22. (} 17l Theorem 3.4]) Let A be the incidence matrix of a clutter C 
and let I = 1(C) be its edge ideal. Then C satisfies the max-flow min-cut property 
if and only if Q(A) is integral and R[Lt] is normal. 



Proof. Notice that if C has the max-flow min-cut property, then Q(A) is integral 
p3l Corollary 22.1c]. Therefore the result follows directly from Eqs. ([221), dZS]), 



We now turn our attention to the integer rounding property of systems of the 
form xA < 1. 

Definition 2.23. Let ^ be a matrix with entries in N. The system xA < 1 is 
said to have the integer rounding property if 



(2.9) 



min{(a, x) | x > 0; xA > 1} = max{(y, l)\y > 0; Ay < a} 



and Theorem 12.121 



□ 



rmin{(t/,l)|y > 0; Ay = a}] 



min{(y,l)|^y = a; y G N"?} 



for each integral vector a for which min{(y, 1)| y > 0; Ay = a} is finite. 
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The next result is just a reinterpretation of an unpublished result of Giles and 
Orlin |23^ Theorem 22.18] that characterizes the integer rounding property in 
terms of Hilbert bases. 

Proposition 2.24. Let vi, . . . ,Vq be the column vectors of a non-negative integer 
matrix A and let A{P) be the Ehrhart ring of P = conv(0, vi, . . . , Vg). Then the 
system xA < 1 has the integer rounding property if and only if 

K[x''H,...,x''H,t] =A{P). 

Proof. By [231 Theorem 22.18], we have that the system xA < 1 has the integer 
rounding property if and only if the set B = {{vi, 1), . . . , (vg, 1), (0, 1)} is a Hilbert 
basis. Thus the proposition follows readily by noticing the equality 

A{P) = i^[{x"t^|(a, b) G R+B n Z"+^}] 

and the inclusion Klx^H, x^H, t] C A{P). □ 

Theorem 2.25. Let A = {vi, . . . , Vg} be the set of column vectors of a matrix A 
with entries in N. // the system xA < 1 has the integer rounding property, then 

(a) K[F] is normal, where F = {x^^ , . . . ,x'"''}, and 

(b) TP" j TLA is a torsion-free group. 

The converse holds if \vi\ = d for all i. 

Proof. For use below we set B = {(fi, 1), . . . , {vg, 1), (0, 1)}. First we prove (a). 
Let S -f^[-^]- Then a € IjA and we can write 

a = Xivi H h XqVg, 

for some Xi, . . . ,Xg in Hence 

(a, \Ei Xi]) = Xi{vi,l) + --- + Xgivg, 1) + 5(0, 1), 

where 6 >0. Therefore by Proposition 12.241 there are A'^, . . . G N and 5' G N 
such that 

(«> \Ei Ail) = AU^^i, 1) + • • • + A;K, 1) + <5'(0, 1), 
Thus x° G i^f-F"], as required. Next we show (b). From Proposition 12.24] we get 

K[x''H,...,x''H,t] =A{P). 

Hence using \1Q\ Theorem 3.9] we obtain that the group M = Z"+^/ZS is torsion 
free. Let a be an element of T(Z"/Z>1.), the torsion subgroup of Z'^/ZA. Thus 
there is a positive integer s so that 

Sa = XlVl H h XqVq 

for some Ai, . . . , Ag in Z. From the equality 

s{a, \a\) = Xi{vi, !) + ••• + Xgivg, 1) + {s\a\ - Ai Ag)(0, 1) 

we obtain that the image of (a, |o|) in M, denoted by (a, \a\), is a torsion element, 
i.e., (a, \a\) G T{M) = (0). Hence it is readily seen that a G TjA, i.e., a = 0. 
Altogether we have T{II'/ZA) = (0). 
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Conversely assume that \vi\ = d for all i and that (a) and (b) hold. We need 
only show that ,B is a Hilbert basis. Let (a, h) be an integral vector in where 
a G N" and 6 € N. Then we can write 

(2.10) (a, 6) = Ai(^;i, 1) + • • • + \[vq, 1) + /i(0, 1), 

for some Ai, . . . , Ag, /x in Q+. Hence using this equality together with (b) gives 
that a is in n ZA. Hence x"- e K[F] = K[F], i.e., a G N^. Then we can 
write 

a = ryit>i H h r]qVq 

for some ryi, . . . , ?7g in N*^. Since \vi\ = d for all i, one has Aj = Vi- Therefore 
using Eq. (j2.10p . we get /i € N. Consequently from the equality 

(a, 6) =r]i{vi,l)-\ h??g(wg,l) + /i(0, 1), 

we conclude that (o, b) £ NB. This proves that ;B is a Hilbert basis. □ 

Corollary 2.26. Let A be the incidence matrix of a connected graph G. Then 
the system xA < 1 has the integer rounding property if and only if G is a bipartite 
graph. 

Proof. =^) Let A = {vi, . . . , Vq} be the set of columns of A. If G is not bipartite, 
then according to [32, Corollary 3.4] one has ~ Z2, a contradiction to 

Theorem [225]^b). 

By [32I Theorem 2.15, Corollary 3.4] we get that the ring K[x'"'^ , • • • , x'"''] is 
normal and that HI^ j^LA — TL. Thus by Theorem 12.251 the system xA < 1 has the 
integer rounding property, as required. This part of the proof also follows directly 
from the fact that the incidence matrix of a bipartite graph is totally unimodular. 
Indeed, since A is totally unimodular, both problems of the LP-duality equation 

max{(a, x)\ xA < 1} = min{(y, l)\y >0; Ay = a} 

have integral optimum solutions for each integral vector a for which the minimum 
is finite, see \23\ Corollary 19.1a]. Thus the system xA < 1 has the integer 
rounding property. □ 

Corollary 2.27. Let A be the incidence matrix of a clutter C. If C is uniform 
and has the max- flow min-cut property, then the system xA < 1 has the integer 
rounding property. 

Proof. Since all edges of C have the same size, it suffices to observe that conditions 
(a) and (b) of Theorem 12.251 are satisfied because of |_7, Theorem 3.6]. □ 

3. The canonical module and the c-invariant 

Let R = K\ xi, . . . , Xn] be a polynomial ring over an arbitrary field K and let 
K[F] = K[x'"'^ , . . . ,x'"''] be a homogeneous monomial subring, i.e., there exists 
xq £ Q" satisfying {xQ,Vi) = 1 for all i. Then K[F] is a standard graded 
X-algebra with the grading induced by declaring that a monomial G Ll[F] has 
degree i if and only if (a, xq) = i. Recall that the a-invariant of i^[i^], denoted 
by a{K[F]), is the degree as a rational function of the Hilbert series of i^[-F], see 
for instance |3H p. 99]. Let H and <p be the Hilbert function and the Hilbert 
polynomial of K[F] respectively. The index of regularity of i^[i^], denoted by 
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reg(i^[-F]), is the least positive integer such that H{i) = ip{i) for i > reg{K[F]). 
The a-invariant plays a fundamental role in algebra and geometry because one 
has: reg(i^[F]) = if a{K[F]) < and r:eg{K[F]) = a{K[F]) + 1 otherwise [SB 
Corollary 4.1.12]. 

If K[F] is Cohen-Macaulay and ujk[f] is the canonical module of then 

(3.1) ci{K[F]) = -mm{i\ {iOK[F])i / 0}, 

see [21 p. 141] and [SU Proposition 4.2.3]. This formula applies if K[F] is normal 
because normal monomial subrings are Cohen-Macaulay [19]. If K[F] is normal, 
then by a formula of Danilov and Stanley (see [2 Theorem 6.3.5] and ^) the 
canonical module of K[F] is the ideal given by 

(3.2) cj^f^] = ({x"|a G N^n(M+^)°}), 

where A = {vi, . . . , Vq} and (M_|_^)° is the interior of M_|_^ relative to aff (M+^), 
the affine hull of R+A. 

The dual cone of M^A is the polyhedral cone given by 

(R+A)* = {x I (x, y) > 0; V y € R+^}. 

A set W C M" \ {0} is called an integral basis of (M+^)* if (M+^)* = R+H and 
TC C Tj"'. Let 7^ a S M". In what follows denotes the closed halfspace 
— {^1 (^j*^) — 0} ^J^d Ha stands for the hyperplane through the origin with 
normal vector a. 

The next result gives a general technique to compute the canonical module 
and the o-invariant of a wide class of monomial subrings. Another technique is 
given in [28j. In Section U] we give some more precise expressions for the canonical 
module and the o-invariant of special families of monomial subrings arising from 
integer rounding properties. 

Theorem 3.1. Let ci, . . . ,Cr be an integral basis of (R^A)* and let b = (bi) be 
the {0, —\}-vector given by hi = Q ifR+A C Hc^ and hi = —1 ifR^A (/L Ha- U 
NA = Z"" n R^A and B is the matrix with column vectors —ci,...,—Cr, then 

(a) ujk[f] = {{x^l a G Z" n {x\xB < h}). 

(b) a{K[F]) = -min {{xo,x)\ x G Z" n{x\xB < h}}. 

Proof. Let TC = {ci, . . . ,Cr}. By duality [23, Corollary 7.1a], we have the equality 

(3.3) R+A = H+n---nHl. 

Observe that R+A O Hc^ is a proper face if bi = —1 and it is an improper face 
otherwise. From Eq. (j3.3p we get that each facet of has the form R^ACiHci 
for some i. The relative interior of the cone R^A is the union of its facets. Hence, 
using that Ti. is an integral basis, we obtain the equality 

(3.4) n {R+A)° = Z" n {x\ xB < h}. 

Now, part (a) follows readily from Eqs. ()3.2p and (13. 4|) . Part (b) follows from 
Eq. pTT]) and part (a). □ 



Next we illustrate how to determine the canonical module and the a-invariant 
using Theorem 13. 1[ 
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Example 3.2. Let F = {xi, X2, 2^3, rE4, 2:1X2X5, X2X3X5, X3X4X5, 3:1X4X5} and let 
A be the set of exponent vectors of the monomials in F. Notice that ^ is a 
Hilbert basis and {xq,v) = 1 for v A, where xq = (1, 1, 1, 1, — !)• An integral 
basis for (M+^)* is given by 

{61,62,63,64,65,(0, 1,0, 1,-1), (1,0, 1,0,-1)}. 

Then it is easy to verify that ujx[f] is generated by the set of all monomials x° 
such that a = (ai) is in the polyhedron Q defined by the system: 

Oj > IVi; ai + 03 — 05 > 1; 02 + 04- 05 >1. 

The only vertex of the polyhedron Q is vq = (1,1,1,1,1). Thus the a-invariant 
of K[F] is equal to —{xo,vo) = —3. 

4. Canonical modules and integer rounding properties 

In this section we give a description of the canonical module and the a-invariant 
for subrings arising from systems with the integer rounding property. 

Let ^ be a matrix of order n x q with entries in N such that A has non-zero 
rows and non-zero columns. Let vi, . . . ,Vq be the columns of A. For use below 
consider the set wi , . . . , of all a G N" such that a < Vi for some i. Let 
R = K[xi, . . . , Xn] be a polynomial ring over a field K and let 

S = K[x'"H,...,x'"H] C R[t] 

be the subring of R[t] generated by x'^^t, . . . , x'^^'t, where f is a new variable. As 
{wi, 1) lies in the hyperplane x^+i = 1 for all i, S is a standard K-algebra. Thus 
a monomial x"i^ in S has degree b. In what follows we assume that S has this 
grading. If S is normal, then according to Eq. (|3.2p the canonical module of S is 
the ideal given by 

(4.1) LOS = {{x''t''\ (a, b)emn (R+Bf}), 

where B = {{wi, 1), . . . , {wr, 1)} and (IR+jB)° is the interior of M+jB relative to 
aS(R+B), the affine huh of M.+B. In our case afr(M+^) = M"+^ 

Let £o,ii, . . . ,im be the vertices of P = {x| x > 0; xA < 1}, where £0 = 0, and 
let ii, . . . ,ip be the set of all maximal elements of iQ,ii, . . . ,irn (maximal with 
respect to <). 

Lemma 4.1. For each 1 < i < p there is a unique positive integer di such that 
the non-zero entries of {—diii,di) are relatively prime. 

Proof. If the non-zero rational entries of £i are written in lowest terms, then di is 
the least common multiple of the denominators. □ 

Notation In what follows {ii , . . . , ip} is the set of maximal elements of {Iq, . . . , im} 
and di, . . . ,dp are the unique positive integers in Lemma ITTl 

The next result complements a result of [9]. 
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Theorem 4.2. // the system x > 0; xA < 1 has the integer rounding property, 
then the subring S = K[x'^^t, . . . , x^^t] is normal, the canonical module of S is 
given by 

(4.2) ..=({rf|(„,6)(-*^; ::: -■'a ■•• ««)>i 

and the a-invariant of S is equal to — maxj{ [l/dj + l^il]}. Here \ii \ = 

Proof. Note that in Eq. (j4.2p we regard {—di£i,di) and ej as column vectors for 
all The normality of S follows from Theorem 12.51 Recall that we have the 
following duality (see Section ^ : 

P = {x\ X > 0; {x,Wi) < lyi} = conv{£Q, £i, ... ,im), 

(4.3) conv(wi,...,'u;^) = {x\x > 0; {x,ii) < m} = T{P), 

where {io,ii, . . . ,£m} C Q" is the set of vertices of P and £o = 0. Therefore 
using Eq. (j4.3p and the maximality of , . . . , we obtain 

(4.4) conv(?x;i, . . . , Wr) = {x\ x > 0; {x,£i) < 1, Vi = 1, . . . ,p}. 

We set B = {{wi, 1), . . . , (wr, 1)}. Note that ZB = From Eq. g2D it is 

seen that 

(4.5) R+B = H^n---nH+ nH+ , . , n • • • n . „ ... 

Here denotes the closed halfspace = {x\ {x,a) > 0} and Ha stands for 
the hyperplane through the origin with normal vector a. Notice that 

He, n R+B, . . . , i/e„ n M+^, H^-d,t,4i) n • • • , H^-dpip4,) n 1^+^ 

are proper faces of M+;i3. Hence from Eq. (14. 5p we get that a vector {a,h), with 
a € Z"', 6 E Z, is in the relative interior of R^B if and only if the entries of a are 
positive and ((a, b), {—diii, di)) > 1 for all i. Thus the required expression for ujs, 
i.e., Eq. (j4.2p . follows using the normality of S and the Danilov-Stanley formula 
given in Eq. (j4.ip . 

It remains to prove the formula for a{S), the a-invariant of S. Consider the 
vector (l,6o), where 6o = maxj{[l/dj + 1^/1]}. Using Eq. ()4.2p . it is not hard to 
see (by direct substitution of {l,bo)), that the monomial x^t'"^ is in 1^5. Thus 
from Eq. (jS.ip we get a{S) > —bo. Conversely if the monomial x°'t'^ is in ujs, then 
again from Eq. ()4.2p we get {{—di£i, di), (a, 6)) > 1 for all i and Oj > 1 for all i, 
where a = (oj). Hence 

bdi >l + di{a,£i) >l + di{l,£i) = 1 + d,\£i\. 

Since b is an integer we obtain b > \l/di + \£i\'] for all i. Therefore b > bo, i.e., 
deg{x°'t'^) = b > b(}. As x"'t^ was an arbitrary monomial in ujs, by the formula 
for the a-invariant of S given in Eq. ()3.ip we obtain that a{S) < —bo. Altogether 
one has a{S) = —bo, as required. □ 

A standard graded if-algebra S is called Gorenstein if S is Cohen-Macaulay 
and LOs is a principal ideal. 

Theorem 4.3. Assume that the system x > 0; xA < 1 has the integer rounding 
property. If S = K[x^^t, . . . , x'^^'t] is Gorenstein and cq = max{[^j[ : 1 < i < p} 
is an integer, then \£k \ = cq for each 1 < k < p such that £k has integer entries. 
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Proof. We proceed by contradiction. Assume that \£k\ < cq for some integer 
1 < k < p such that is integral. We may assume that £fc = (1, . . . , 1, 0, . . . , 0) 
and \£k\ = s. From Eq. (j4.5p it follows that the monomial x^^t^"^ cannot be in 5 
because {£k,s — 1) does not belong to H^_^^^^ Consider the monomial x"'t^, 
where a = ^fc + l, b = bo + s — 1 and 6o = —a{S). We claim that the monomial 
is in LOs- By Theorem 14.21 it suffices to show that {{a,b), {—djij, dj)) > 1 
for 1 < j < p. Thus we need only show that ((a, b), {—£j, 1)) > for 1 < j < p. 
From the proof of Theorem 14.21 it is seen that —a{S) = max,{[|£j|J} + 1. Hence 
we get 6o = Co + 1- One has the following equalities 

{{a,b), i-ij, 1)) = -\£j\ - {IkJj) + bo + s-l = - {IkJj) + CO + s. 

Set ij = {ij^, . . . ,ijn)- From Eq. (j4.5p we get that the entries of each ij are less 
than or equal to 1. Case (I): If iji < 1 for some I < i < s, then s — {ik^^j) > 
and Co > \ij\. Case (II): iji = 1 for 1 < i < s. Then ij > i^. Thus by the 
maximality of i^ we obtain ij = i^- In both cases we obtain ((a, 6), {—ij, 1)) > 0, 
as required. Hence the monomial xH'^ is in los- Since S is Gorenstein and lvs is 
generated by x^t^° , we obtain that x"'t^ is a multiple of x^t^^ , i.e., must 
be in 5, a contradiction. □ 

Theorem 4.4. Assume that the system x > 0; xA < 1 has the integer rounding 
property. If S = K[x'^'^t, . . . ,x'^^t] and —a{S) = 1/di + \ii\ for i = 1, . . . ,p, then 
S is Gorenstein. 



Proof. We set 6o = —a{S) and B = {{wi, 1), . . . , {wr, 1)}. The ring S is normal 
by Theorem 12. 5i Since the monomial x-^t^'^ = xi • • • is in lus, we need only 
show that u>s = {x^t'^''). Take G cos- It suffices to prove that x°-~-^t^~''° is in 
S. Using Theorem 12. 51 one has M+iS fl Z""*"-^ = NB. Thus we need only show that 
the vector (a — 1, 6 — 6o) is in M+S. From Eq. (j4.5p . the proof reduces to show 
that the vector (a — 1, 6 — 6o) is in H'^_^ -^^ for i = 1, . . . ,p. 

As (a, b) G from the description of los given in Theorem 14.21 we get 

{{a,b),{-diii,di)) = -{a,d,ii) + bdi>l =^ -{a,i,) > -b + 1/di 
for i = 1, . . . ,p. Therefore 

((a - 1, 6 - 6o), {-i„ 1)) = -{a, + \i^\ + b - bo > -b + 1/di + \i^\ + b-bo = 

for all i, as required. □ 

Corollary 4.5. If P = {x\x > 0;xA < 1} is an integral polytope, then the 
monomial subring S = K[x'^^t, . . . , x'^^'t] is Gorenstein if and only if a{S) = 
-{\ii\ + l) fori = l,...,p. 

Proof. Notice that if P is integral, then ii has entries in {0, 1} for 1 < i < p and 
consequently di = 1 for 1 < i < p. Thus the result follows from Theorems 14.31 
andlOl □ 



Example 4.6. Let G be a pentagon with vertex set X = {xi, . . . , X5}, let A be 
the incidence matrix of G and let 



S = K[t, Xlt, . . . , X^t, XlX2t, X2X^t, x^x^t, X^X^t, XlX^t]. 
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The system x > 0; xA < 1 has the integer rounding property and the vertex set 
oi P = {x\x> 0; xA < 1} is: 

vert(P) = {0, 1/2, 63 + 65, 62 + 65, 62 + 64, ei + 64, ei + 63, ei, 62, 63, 64, 65}. 

The maximal elements of vert(P) are 

£1 = 1/2, £2 = 63 + 65,^3 = 62 + 65,4 = 62 + 64,4 = 61 + 64,4 = ei + 63, 

di = 2 and = 1 for 2 < i < 6. Notice that 1/di + \ii\ =3 for i = 1, . . . , 6. Thus 
by Theorems 14.21 and 14. 4t the ring S is Gorenstein and a{S) = —3. 

Problem 4.7. If A is the incidence matrix of a connected graph and the sys- 
tem X > 0; xA < 1 has the integer rounding property, then the subring S = 
K[x'^^t, . . . ,x'^''t] is Gorenstein if and only if —a{S) = l/di + \£i\ for i = 1, . . . ,p. 

Note that the answer to this problem is positive if A is the incidence matrix 
of a bipartite graph because in this case P is an integral polytope and we may 
apply Corollary 14.51 If A is the incidence matrix of a connected non-bipartite 
graph G, E. Reyes has shown that G is unmixed if S is Gorenstein. If A is the 
incidence matrix of a graph, then it is seen that di = 1 or = 1/2 for each i. 

Subrings associated to the system xA < 1. Let A be a matrix with entries in N 
such that the system xA < 1 has integer rounding property. As before we assume 
that the rows and columns of A are different from zero and that vi, . . . ,Vq are 
the columns of j4. In what follows we assume that \vi\ = d for all i. 

The following lemma is not hard to show. 

Lemma 4.8. // \vi\ = d for all i. Then there are isomorphisms 

K[x''H,...,x''H,t] ~K[x"it,...,x^n][r] and 

K[x''H,...,x''H]^ K[x''\...,x''''] 

induced by x'"H 1— > x'"H, t ^ T and x^H 1— > x'"^ respectively, where T is a new 
variable. 

Let S be a homogeneous monomial subring and let Ps be its toric ideal. Recall 
that S is called a complete intersection if Ps is a complete intersection, i.e., Ps 
can be generated by h.t{Ps) binomials, where ht(P5) is the height of Ps- Let c 
be a cycle of a graph G. A chord of c is any edge of G joining two non adjacent 
vertices of c. A cycle without chords is called primitive. 

Proposition 4.9. Let G be a connected graph with n vertices and q edges and 
let A be its incidence matrix. If the system xA < 1 has the integer rounding 
property, then K[x^^t, . . . ,x'"''t,t] is a complete intersection if and only if G is 
bipartite and the number of primitive cycles of G is equal to q — n + 1. 

Proof. =^) By Corollary 12.261 the graph G is bipartite. From Lemma 14.81 it fol- 
lows that K[x^^t, . . . ,x^''t,t] is a complete intersection if and only if K[G] = 
K[x'"''-, . . . ,x'"''] is a complete intersection. Therefore by [25] we get that K[G] is 
a complete intersection if and only if the number of primitive cycles of G is equal 
to g — n -|- 1. 

<^=) By |25] the ring K[G] is a complete intersection. Hence K[x'"'^t, . . . , x'"''t, t] 
is a complete intersection by Lemma 14.81 □ 
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